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ABSTRACT 
Programming problems may be classified, on the basis of the objective function 
and types of constraints, as linear, nonlinear, discrete, integer, Boolean, etc. These 
programming problems represent special cases of the following more general abstract 
convex programming problem (ACPP): Find min{ f(x) : g(x) E - K, x E Sl }, where 
8 E I?” is convex, K is a convex cone, and f, g are convex functions. Characteriza- 
tions of optimality to the ACPP are of paramount importance in the investigation of 
optimization problems. A cone K in R” is called projectionally exposed if for each 
face F of K there exists a projection PF of R” such that P,(K) = F. In particular, it 
has been shown that when the constraint function g of the ACPP takes values in a 
projectionally exposed cone, then certain multipliers, associated with optimality, may 
be chosen from a smaller set. The projectionally exposed cones of R3 are completely 
characterized in this paper. 
1. INTRODUCTION AND DEFINITIONS 
In their study of the abstract convex programming problem, Borwein and 
Wolkowicz [4] introduced the important concept of projectionally exposed 
cones. Specifically, if the constraint function takes values in a projectionally 
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exposed cone, then certain multipliers may be chosen from a smaller set (see 
Section 6 in [4]). In [2] an initial study was begun to characterize the 
projectionally exposed cones in R”. In this paper the projectionally exposed 
cones of R3 are completely characterized. As before, the cones under 
investigation are assumed to be closed and pointed, although Borwein and 
Wolkowicz did not make similar restrictions. 
Let V be a finite-dimensional real inner-product space of dimension n. In 
the examples we shall take V to be R” with the usual inner product. 
However, we shall use functional notation, fir, in place of (f, x). That is, we 
shall use the inner product to identify the dual space V* of linear functionals 
with V. A cone K in V is a subset such that for any x, y E K, a, p 2 0, we 
have (YX + By E K. The cone K is pointed iff it contains no subspace [that is, 
K n( - K) = {O}]; K is closed iff K is closed in the natural topology of V; 
K is full (or solid) iff it has nonempty interior. 
IfKisacone,thesubspacespannedbyKisK-K={r-y:x,yEK}. 
Since K is full in its span, we shall assume that K has nonempty interior. We 
shall also assume that K is closed. For a cone K the positive dual K* is the 
set of all nonnegative linear functionals on K: 
K*= {f: fr>Oforall XE K}. 
When K is closed we have K** = K. 
A face of K is a subcone F of K such that 
x E K, yEF, and y-);EK imply XEF 
This is denoted by F 4 K. If we introduce an order relation in V by x > 0 iff 
x E K, then F is a face of K iff 0 < x < y and y( E F imply x E F [3]. When 
K is pointed, the order is a partial order. 
DEFINITION 1.1. A face F is exposed iff there is an f E K* such that 
F = { x : x G K and fx = O}. The cone K is facially exposed iff every face of 
K is exposed. 
DEFINITION 1.2. Let F a K. 
(a) F is p-exposed (projectionally exposed) iff there is a projection P such 
that P(K) = F. If every face is p-exposed, we call K p-exposed. 
03) F is o.p.-exposed iff there is an orthogonal projection P such that 
P(K) = F. If every face of K is o. P.-exposed, then K is o. p.-exposed. 
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If S G K, then the intersection of all faces containing S is a face of K, 
which we denote by +(S). When S = { x } we write +(x) for simplicity. If 
F a K and (F) is the linear span of F, then dim F is defined to be dim(F). 
An extreme ray of K is a one-dimensional face. If 0 f x E F and dim F = 1, 
we call x an extremal of K. 
A special class of cones arises in studying the solvability of finite systems 
of inequalities. These are the polyhedral cones. A cone K is polyhedral if it 
has a finite number of extreme rays. An equivalent condition (cf. [6]) is that 
K should have a finite number of maximal faces. A maximal (proper) face is a 
face different from K which is contained in no other face of K. 
Since we are assuming that V is an inner-product space, K* c V. Conse- 
quently, the statement K c K* makes sense. When K c K* holds, we call K 
subpolar. Finally, a closed, pointed, full polyhedral cone with n = dimV 
extreme rays is called simplicial. 
In Theorem 3.2 we characterize the p-exposed cones of R3 by showing 
that they are precisely those in which each face is exposed. 
2. REVIEW OF EARLIER WORK 
The following results were established by Barker, Laidacker, and Poole in 
their initial study [2]. 
THEOREM 2.1. Suppose that the closed, full cone K is neither (0) nor 
V. Then every extremal of K is p-exposed. lf K c K*, then every extremal is 
o.p.-exposed. Finally, if K is pointed and o.p.-exposed, then K is s&polar. 
THEOREM 2.2. If K is a pointed, full polyhedral cone, then K is 
p-exposed. 
THEOREM 2.3. Suppose K is a pointed, full, polyhedral cone, and F is a 
face such that the projection P satisfies P(K) = F. Then ker( P) CT K + (0). 
THEOREM 2.4. Suppose K is a pointed, full, polyhedral cone. lf K is 
o.p.-exposed, then K has n = dimV extreme rays. 
COROLLARY 2.5. The closed, pointed, fill polyhedral cone K is o. p.- 
exposed if and only if K is a s&polar simplicial cone. 
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Cone K 
FIG. 1 
In the proofs of these results the concept of complementary cone was 
exploited. We shall need this concept in the next section. 
Suppose K is a closed, pointed, full polyhedral cone in R3 (see Figure 1). 
We may normalize any functional x so that ]A] = 1, where ]A]” = (A, A), for 
i=I,2 ,***, trr. For each two-dimensional face Fj, with corresponding normal 
f;, define the complementary cone Ki by 
Ki = {x: Ax < 0 and $X > 0 for j # i } . 
If Figure 1, K, is the complementary cone of the face F2 and is determined 
(in this case) by the three faces F,, F,, and F3. 
3. PROJECTIONALLY EXPOSED CONES IN R3 
In this section we will characterize the cones of R3 which are projection- 
ally exposed. However, we shall first review some properties of cones as they 
relate to being exposed. 
In [2, Example 2.31 it was shown that there are cones in which a face is 
o. p.exposed but is not exposed. There is no implication in the other direction 
either, as shown in 
THEOREM 3.1. There are cones in which a face is exposed but not 
p-exposed. 





Proof. Let K be the cone described in Figure 2(b) with cross section 
given in (a). The line 9r (and its symmetric line 9’r) is tangent to the circle, 
and K c K*. Hence, K is subpolar. As noted in [2], the one-dimensional face 
449) determined by 9 (ray from vertex through 9) is not exposed, because qr 
is tangent to the circle at 9. By Theorem 2.1, +(9) is o.p.-exposed. Conse- 
quently, $49) is an example of a face which is p-exposed but not exposed. 
Let T be the face labeled F4 with edges (extremals) determined by 9 and 
r. First, note that T is exposed. Now assume that T is projectionally exposed. 
Then there exists a projection P such that P(K) = T. Since T is twodimen- 
sional, the nullspace of P is generated by a single vector, say w. Now 
consider the polyhedral cone H inscribed inside the cone K whose cross 
section is given in Figure 3. 
FIG. 3 
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Suppose the arc length of the cross section of K between L and E is t. 
Let L, = L, and define Li to be the point on the arc LE lying a distance of 
t/i from E. For each i the hexagon ABCDEL, represents the cross section 
of a polyhedral cone Hi inscribed inside the cone K and such that T is a face 
of Hi. Now, since P projects K onto T, for each i, P must project H, onto T. 
For some sufficiently large i, say N, w does not lie in the complementary 
cone K, corresponding to the polyhedral cone H,+. and the face T (as 
defined at the end of Section 2). But we know that w defines the projection 
P from H, onto T. This contradicts Theorem 2.3. Therefore, there is no 
projection P such that P(K) = T. n 
THEOREM 3.2. In R3 the cone K is p-exposed if and only if each face of 
K is exposed. 
Proof. First, note that if K = (0) or K = R3, then F = K is the only 
face. In each case, K is both exposed and p-exposed. Now recall from 
Theorem 2.1 that all one-dimensional faces are p-exposed. So we need to 
focus only on the two-dimensional case. 
Now, suppose that F is a two-dimensional face with extremals s and t, all 
of which are exposed. A cross section of this situation is described in Figure 
4. Because s and t are exposed, we may envelop the cone K by a polyhedral 
cone H such that F is a face common to K and H. Since H is polyhedral, 
FIG. 4 
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FIG. 5. Cross section W of K. 
there is a projection P which projects H onto F. This same projection must 
necessarily project K onto F. Hence, K is p-exposed. 
Conversely, suppose K is p-exposed. Since all two-dimensional faces in 
R3 are exposed, assume that there is at least one two-dimensional face F with 
extremals s and t such that s is not exposed. A cross section of this cone K, 
displaying the face F and extremal generators s’ and t’, is given in Figure 5. 
Suppose H denotes the hyperplane containing F whose cross sections are 
denoted by H’ and F’, respectively. Since s is not exposed, there is a 
sequence of hyperplanes { Hi } containing the extremal s and converging to 
H. The corresponding cross sections are denoted by { Hi }. 
Also, since s is not exposed, each Hi contains a point xi of K which is 
not in F. In fact, for some cross section W of K, we may select a sequence of 
points {xi } such that xi lies in H/ n K n W and the sequence converges to 
a point s’ in s. We now have the setting described in the proof of Theorem 
3.1, and the same argument can be applied to conclude that F is not 
a contradiction. s must 
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